Explicit upper bounds are developed for the class number and the regulator of any cubic field with a negative discriminant. Lower bounds on the class number are also developed for certain special pure cubic fields.
1. Introduction. Let Jf be any cubic number field with discriminant Δ < 0 and regulator R. Since either 41Δ or A^l (mod4), we may assume that Δ = df 2 , where d is the discriminant of a quadratic field. From a classical, general result of Landau [11] we know that
Λi? = θ(/JΔT(log|Δ|) 2 ).
More recently Siegel [19] and Lavrik [13] have given general results from which an explicit constant c can be easily determined such that hR<c{\K\{\o%\Δ\) 2 .
However, in the case of a pure cubic field (d = -3), Cohn [6] has shown that ΛR = θ(/ίΔ[log|Δ|loglog|Δ|).
In this paper we will develop an explicit upper bound on hR which depends on d and / (= {K/d). In the pure cubic case our results give It follows that we can easily bound R once we can obtain an upper bound on A(C).
The function a(k).
As a(k) is a rather difficult function to work with, we will develop a simpler function β(k) such that (2.1) \a(k)\<β(k). We first note that since F(k) is a multiplicative function and ^(1) = 1, then a(k) is also a multiplicative function and α(l) = 1. We need now only consider the problem of determining a{p n ), where p is any rational prime. By (1.1) we have
hence, it suffices here to determine F(p n ). In order to do this we will need to know how the ideal (p) splits in Θ x . A convenient summary, describing the five different types A, B 9 C, D 9 E of possible rational prime factorization in 0 X9 can be found in Hasse [11] or Barrucand [2] . In Table  1 below we present those results which will be useful in the sequel. As usual we use the symbol (a/b) to denote the Kronecker symbol. We also use the symbols p, p\ p" to denote prime ideal factors of (p) with norm p and the symbol q to denote a prime ideal factor of (p) with norm p 2 . 
β(k) = Σ
If p is of type A, we see that F(^") is the number of possible triples of non-negative integers k, j, k such that / + j + k = n; that is, F(p n ) = ( n 2 2 ) By using similar reasoning and (2.2) we get the results listed in Table 2 . Since β(k)is multiplicative and β(l) = 1, we get
any any In this section we will determine an explicit upper bound on B(C). If we take x and c to be positive real numbers, by an inverse Mellin transform
Now the functions ξ and L satisfy the functional equations
Ch. 9); thus, by using the relation
we see that the integrand 
as s -» 0. From the functional equations for ζ and L we see that ζ(s + l)L(s + 1) has simple zeros at integral values of s < -1; hence, Λ(5) has no poles except for the double pole at s = 0 and the simple pole at s = -1. Also, the residue at s = -1 is When \d\ is small compared to |Δ|, these results are better than the results mentioned in §1.
We can also give a and b as finite sums. It is well known that
(see [8] Ch. 6). When \d\ is large, however, it is often easier to compute a by finding h' and using
where h f is the class number of the quadratic field of discriminant d and w is the number of roots of unity in that field. Buell [4] has described how W can be efficiently computed.
In terms of the Hurwitz Zeta-function
we have
whence,
(<///i)io g r(/i/μ|)-L(o)iog|</|. (see [20], §13.21). From the functional equations for
So we obtain
In the case where Jf is a pure cubic field we have Δ = -3/ 2 , a = L(l) = τr/3v / 3 and log2^ + 31og^|) * .222662987 by (4.8). It follows from (3.9) and (3.8b) that (4.9)
hR < ^-log|Δ|= (2/log/ + /log3)/6.
Other results of this type for \d\< 200 can be easily derived by using Table 3 below together with the formulas (3.8) and (3.9). hence we can use this result in (4.4) or (4.5) to get an upper bound on h. In the case of the pure cubic field we can use (4.9) to get We also point out that in the pure cubic case with / > 61 we have 2 / by (3.8b). Hence and by (3.9) we get (4.11) Rf and 5. A lower bound on the class number. In this section we will derive a lower bound on the class number of X. This, unfortunately, will involve R, and another function π d (x); however, as we will illustrate for the case of a pure cubic field, when \d\is small and R can be bounded from above, we can get some interesting inequalities on h. where ε 0 (> 1) is the fundamental unit of JΓ. The value of p is the period length of Voronoi's continued fraction algorithm expanded on a basis of α x (= a). For the proofs of the above statements, we refer the reader to Delone and Faddeev [9] or Williams [21] . We remark here that by using an earlier (non-explicit) form of our result (4.9), Dubois [10] has shown that
when Jf is a pure cubic field. More recently Buchmann [3] has given the explicit upper bound
for any cubic field X with Δ < 0. This was obtained by using the upper bound on hR given by Siegel [18] . Now Williams [22] For the ideal £ which we have defined above we get
M( §) 4 < )I\Δ\/2ΊN(S).
By a result of Williams [22] , we know that 3 must be a reduced ideal of a*-
be the number of primes up to x for which d is a quadratic non-residue. If T is the number of all ideals of Θ x which are reduced and p i is the number of reduced ideals belonging to the z'th ideal class, we have Since p, < 2i?/log T, we get T < 2 Rh/log T and When D is cube-free, we can replace these inequalities by equalities, for all but 6 values of D (see Rudman [17] Λ> log(|Δ|/3)log(|Δ|/27)'
an explicit lower bound for h. We notice here that h > 1 for all |Δ| that are sufficiently large. Also, the bound given in (5.7) is much larger than those obtained by Mollin [15] in the analogous case of certain real quadratic fields Ά{{Ό) when D = K 2 + k and k \AK.
